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Abstract
Plutonium metal exhibits an anomalously large softening of its bulk modulus at elevated tem-
peratures that is made all the more extraordinary by the finding that it occurs irrespective of
whether the thermal expansion coefficient is positive, negative or zero — representing an extreme
departure from conventional Gru¨neisen scaling. We show here that the cause of this softening is
the compressibility of plutonium’s thermally excited electronic configurations, which has thus far
not been considered in thermodynamic models. We show that when compressible electronic config-
urations are thermally activated, they invariably give rise to a softening of bulk modulus regardless
of the sign their contribution to the thermal expansion. The electronically driven softening of the
bulk modulus is shown to be in good agreement with elastic moduli measurements performed on
the gallium-stabilized δ phase of plutonium over a range of temperatures and compositions, and
is shown to grow rapidly at small concentrations of gallium and at high temperatures, where it
becomes extremely sensitive to hydrostatic pressure.
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I. INTRODUCTION
Plutonium (Pu) has the richest phase diagram amongst the metallic elements, and, as a
consequence, has proven to be the most challenging to grasp.1–4 In recent years, considerable
advances have been made towards understanding some of Pu’s unusual thermodynamic prop-
erties, such as its anonamously enhanced electronic heat capacity for an element5–8 and its
invar-like negative thermal expansion coefficient.9–11 The softening of the bulk modulus,12–16
by contrast, which occurs ∼ 50% more rapidly with increasing temperature (relative to the
melting temperature) than regular solids,17–23 has continued to remain a mystery. The in-
creased likelihood that the entirety of the bulk modulus softening cannot be explained by
phonons alone has led to the suggestion of an unconventional contribution originating from
electronic degrees-of-freedom.16,24
A natural candidate for electronic degrees-of-freedom in Pu is provided by its unstable 5f -
electron atomic shell, which has been shown to allow Pu to exist in a greater number of near
degenerate electronic configurations25–27 and oxidation states28 than other actinides and rare
earths. Direct experimental evidence for the presence of multiple near-degenerate electronic
configurations in δ phase Pu (δ-Pu) has been provided by way of x-ray spectroscopy29 and
neutron scattering experiments.30 While it has been argued on the basis of sophisticated
electronic structure models that virtual valence fluctuations cause extensive mixing between
these configurations,6–8,31 a strong thermally-activated component has been indicated by way
of thermal expansion experiments9,10 and, more recently, by way of temperature-dependent
magnetostriction experiments.11
We show here that a crucial factor in causing multiple electronic configurations to con-
tribute significantly to the bulk modulus is their compressibility, which we show to give
rise to a previously unknown yet significant electronic contribution to the bulk modulus
when excited electronic configurations are thermally activated. Because this contribution
is both negative and quadratic in the size of the difference in equilibrium volume (man-
ifesting itself as a partial pressure) between the excited configurations and the lattice, it
invariably leads to a softening of the bulk modulus with increasing temperature. Using a
form for the free energy recently adapted from measurements of different thermodynamic
quantities,10,11 we show that the uncovered electronically driven softening of the bulk mod-
ulus is in agreement with temperature-dependent and Ga concentration-dependent resonant
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ultrasound spectroscopy results, in which Ga is used to stabilize the δ phase.12,14–16 The
softening is shown to become especially large in δ-Pu stabilized with small concentrations of
Ga at temperatures well above room temperature, where it is further predicted to undergo
a collapse under hydrostatic pressure.
II. RESULTS
A. Origin of the bulk modulus softening
Studies of the thermodynamic properties of Pu have shown that their temperature depen-
dences can be modeled by considering a partition function of the form9–11,16 Zel =
∑
i e
− Ei
kBT ,
where i refers to different electronic configurations with fixed energies Ei and atomic volumes
Vi. Use of such a partition function for modeling thermodynamic quantities is warranted un-
der circumstances where the mixing between different electronic configurations attributable
to valence fluctuations is sufficiently small for the higher energy configurations to be ther-
mally activated.11,32,33 We find, however, that whereas the consideration of Ei and Vi as
fixed and independent quantities is a reasonable approximation for modeling the thermal
expansion, heat capacity and the magnetostriction,9–11 this is not the case when considering
the bulk modulus (see Fig. 1). Since the relationship between Ei and V forms the basis of
the definition of the bulk modulus of a material, neglect of this relationship has the potential
to cause entire terms to be missing from the equation of state. Electronic structure calcula-
tions have shown that Ei and V are inextricably linked for each electronic configuration of
Pu and other actinides,25,27 making Ei(V ) a function of V , or, equivalently, Ei(ν) a function
of the volume strain ν = V
V0
− 1 (see schematic in Fig. 2). A more generalized form
Zel(ν) =
∑
i
e
−Ei(ν)
kBT (1)
for the partition function that preserves information relating to the compressibility is there-
fore required.
Electronic structure calculations have show that the Ei(ν) curves of the different config-
urations (illustrated in Fig. 2) are approximately parabolic,25,27 enabling them to be repre-
sented in the reduced form
lim
ν−νi→0
Ei(ν) = Ei,0 +
Ki [ν − νi]2
2N
(2)
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FIG. 1: a A comparison of experimental adiabatic bulk modulus data for different compositions x of
δ-Pu1−xGax as indicated12,14–16 with the model calculations of KS = γKT (where KT = Kel +Kph
is the isothermal bulk modulus and γ is plotted in the Appendix) for different compositions, as
indicated. As a point of reference, the black dotted line is the fitted functional form of Kph (for
b = 18); we have added this to K0 = 37.7 GPa in order to bring it into alignment with the other
curves at T ≈ 10 K. b A comparison of the experimentally measured change in temperature-
dependent electronic contribution to the bulk moduli ∆Kel = Kel(T )−Kel(280 K) for x = 2.36%,
3.30% and 4.64% (colored squares), having subtracted the measured values at T = 280 K and
the calculated change ∆Kph = Kphl(T ) −Kph(280 K) in Kph (again for b = 18) relative to that
at T = 280 K (assuming Kph to be independent of x), with the equivalent change ∆Kel in the
electronic contribution (colored lines) relative to that at T = 280 K calculated using Equation (4).
For non-integer values of x, calculated values of Kel are interpolated in x.
for small ν, where N is the atomic density and each of their contributions to the bulk
modulus is given by Ki(ν) = N
∂2Ei(ν)
∂ν2
evaluated at ν = 0. Here, Ei,0 is the energy minimum
and νi =
Vi
V0
− 1 is the volume strain at the energy minimum for each configuration (see
Fig. 2). For the lowest energy (ground state) configuration, by definition i = 0, Vi = V0,
νi = 0 and Ei,0 = 0. The excited electronic configurations, by contrast, are in nonequilibrium
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FIG. 2: Schematic E(V ) curves (lower axis) or E(ν) curves (upper axis) as described in the text
according to Equation (9), showing an approximately parabolic form. The energy minima Ei,0 and
the energies E∗i at V = V0 or ν = 0, in relation to the volumes Vi or volume strains νi are also
indicated.
states, causing them each to exert a statistical partial pressure Pi(ν) = −N ∂Ei(ν)∂ν on the
surrounding lattice. In the limit of small strain, this pressure is simply
lim
ν−νi→0
Pi(ν) = −Ki [ν − νi]. (3)
The ensemble average of the volume changes associated with these partial pressures is what
ultimately drives the positive and negative electronic contributions to the thermal expansion
(see Appendix).11
We proceed to calculate the electronic contribution to the bulk modulus by taking the
second derivative Kel =
∂2Fel
∂ν2
∣∣
T
of the electronic component Fel = −kBT lnZel(ν) of the free
energy with respect to the volume strain. Using the volume-dependent partition function
given by Equation (1) and Ei(ν) curves, we obtain
Kel =
∑
i
pi(ν)Ki(ν)−
∑
i pi(ν)P
2
i (ν)
NkBT
+
[∑
i pi(ν)Pi(ν)
]2
NkBT
, (4)
where
pi(ν) = Z
−1
el e
−Ei(ν)
kBT (5)
is the probability of occupancy for each configuration.
The first term on the right-hand-side of Equation (4) is the probability-weighted sum of
bulk moduli that has been assumed in prior models of the multiple electronic configurations
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in δ-Pu.9,10,16 While large changes in Ki(ν) with i, (we discuss the extreme case where Ki = 0
for an excited configuration in the Appendix)10,24 have the potential to yield significant
changes in Kel with temperature, the bulk moduli contributions of all of the electronic
configurations obtained by density functional theory are found to all be very similar at
ν = 0.25,27 In Table II, we find these to have a mean value of K¯i(ν = 0) = 28.2 GPa and
a standard deviation of only σKi(ν = 0) = 5.0 GPa. The first term in Equation (4) is
therefore not expected to lead to significant changes of the bulk modulus with increasing
temperature.
The second term on the right-hand-side of Equation (4) has the potential to lead to
much larger changes in the bulk modulus of δ-Pu with increasing temperature, making
it the primary motivation of the present study. The origin of this term is the statistical
partial pressure Pi(ν) between thermally excited configurations and the ground state that
occurs as a result of their equilibrium volume strains νi being nonzero. For sufficiently small
total strains ν − νi, this partial pressure is linear as shown in Equation (3). Because the
partial pressure produces a negative quadratic contribution to the electronic bulk modulus
in Equation (4), it implies that thermally fluctuating electronic configurations invariably
lead to a softening of the bulk modulus irrespective of whether νi > 0, as for a positive
contribution to the thermal expansion, or νi < 0, as for a negative contribution to the
thermal expansion (see Appendix).
The third term on the right-hand-side of Equation (4) is also determined by Pi(ν). How-
ever, because the probability factors pi(ν) in this term are multiplied together, its overall
contribution to the bulk modulus is weaker than that of the second term.
For the effect of hydrostatic pressure on the bulk modulus, this we estimate by taking the
third derivative of the free energy with respect to ν and considering ∂
∂P
= −K−1T ∂∂ν , where
KT is the isothermal bulk modulus, whereupon we obtain
K ′ =
∂Kel
∂P
∣∣∣∣
T
≈ 1
KT [NkBT ]2
[∑
i
pi(ν)P
3
i (ν)−3
[∑
i
pi(ν)P
2
i (ν)
][∑
i
pi(ν)Pi(ν)
]
+2
[∑
i
pi(ν)Pi(ν)
]3
+δ
]
(6)
— once again assuming the parabolic approximation (see Appendix). The first term on the
right-hand-side in Equation (6), which originates from the derivative of the anomalous soft-
ening (i.e. the second) term in Equation (4), is found to dominate over the other terms. Its
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dominance implies that the sign and magnitude of the change in bulk modulus under pres-
sure is determined almost entirely by the partial pressures of the electronic configurations,
which in turn depend on the signs of νi. The cubic dependence on Pi(ν) implies K
′ has a
more extreme sensitivity to composition than KT . The last term on the right-hand-side of
Equation (6), δ, is a correction term (see Appendix) that vanishes in the limit where the
bulk moduli of the electronic configurations are the same.
B. Electronically driven softening estimates
We proceed to estimate the electronic contribution to the bulk modulus and its pres-
sure derivative in Fig. 3 from the multiple electronic configurations, by defining E∗i ≈
Ei,0 +Kiν
2
i /2N according to Equation (2) and using the approximation Pi ≈ Kiνi according
to Equation (3).11 Low temperature specific heat measurements have shown that the Debye
temperature ΘD ≈ 100 K remains largely unchanged as a function of the Ga concentration
x used to stabilize the δ phase,11 which is consistent with the parabolic approximation given
by Equation (2). We therefore assume that the bulk modulus of the ground state elec-
tronic configuration also remains unchanged, and adopt the value K0 = 37.7 GPa found in
δ-Pu1−xGax for x = 2.36%14 by way of resonant ultrasound measurements. Since the bulk
moduli of the excited electronic configurations in δ-Pu are unknown, yet are predicted to
fall within a narrow range of possible values in Table II, we further assume the excited con-
figurations to have bulk moduli Ki that are similar to that of the ground state configuration
(see Table I).
In calculating the electronic contribution to the bulk modulus, we use excitation ener-
gies E∗i and equilibrium volume strains νi determined
11 (values listed in Table I) from fitting
thermal expansion9,10 and temperature-dependent magnetostriction11 measurements, the re-
sults of which were further validated using heat capacity measurements.5,11 The resulting
calculations of the electronic contribution to the bulk modulus as a function of T and x
using Equations (2) though (5) are shown in Fig. 3a. Both of the previously determined11
excited electronic configurations (E∗1 and E
∗
2) are found to lead to discernible reductions
in the bulk modulus with increasing temperature. Since E∗1 leads to a positive thermal
expansion11 whereas E∗2 leads to a negative thermal expansion,
9,10 yet both lead to a soft-
ening of the bulk modulus, it is the combination of both of these terms that is responsible
7
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FIG. 3: a, Kel. of Pu1−xGax as a function of temperature T and Ga composition x (colored lines)
calculated by way of Equations (2) though (5), using the parameters listed in Table I for x = 2%
and x = 7%. Parameters are extrapolated for x = 0% and interpolated for x = 4% and 6%. The
inset shows ν2i for i = 1 and 2 versus V0, with the percentage of Ga (x) indicated for each point.
It is important to note that because Pi = 0 for the ground state configuration, the denominators
of the second and third terms in Equation (4) do not lead to a divergence at T = 0. b, Calculated
pressure derivative of the bulk modulus K ′ according to Equation (6).
for the departures from simple Gru¨neisen scaling in δ-Pu.
The degree of bulk modulus softening with temperature is significantly more pronounced
for the higher excitation energy E∗2 = 125 meV (for x = 2%) at small Ga concentrations
due to the large (≈ 13%) difference between its equilibrium volume V2 and the ground
state volume V0. Very similar results at high temperatures would therefore be obtained on
neglecting E∗1 and ν1 and considering only the excitation energy E
∗
2 and volume strain ν2
determined from the invar model fits.9,10 (see Table I). According to our calculation, this
dominant excitation is predicted to yield a reduction in the bulk modulus that is as large as
≈ 8 GPa in pure δ-Pu at 700 K; beyond this temperature the δ phase becomes unstable.2
Turning to the effect of hydrostatic pressure on the bulk modulus, since the leading term
on the right-hand-side of Equation (6) varies as the cube of the partial pressure, K ′ is found
to be strongly dependent on x. The invar contribution, which is characterized by a negative
8
Quantity x = 2% Ga all x x = 7% Ga Units
K0 = K1 = K2 37.7 GPa
ν0 0 -
ν1 3.7 × 10−3 2.1 × 10−2 -
ν2 -0.13(-0.17) -6.7 × 10−3 -
E∗0 0 meV
E∗1 22.8 41.0 meV
E∗2 125(121) 70 meV
b 18 -
T0 1.39 × 105 K
V0 24.57 23.87 A˚
3
TABLE I: Parameters. Values of parameters used in the calculation of the electronic contribution
to the bulk modulus using Equations (2) though (5), respectively. K0 is taken from Suzuki et al.,
14
νi and E
∗
i values are taken from Harrison et al.,
11 T0 values are taken from Lawson
24 while V0 is
taken from diffraction experiments.9 For comparison, values of ν2 and E
∗
2 obtained from fits to the
invar model are shown in parentheses for x = 2%.10
partial pressure, clearly dominates, leading to the prediction of a dramatic collapse of the
bulk modulus under pressure and at high temperatures for small concentrations of Ga in
Fig. 3b.
C. Comparison with experiment
In order to compare the calculations against experimental data, we must also include the
phonon contribution to the bulk modulus, which is known to reduce the bulk modulus of
most materials by ≈ 20% upon reaching T = Tm/2,17–23 where Tm is the melting temperature
(Tm ≈ 912 K in Pu). While a universal model able to accurately describe the reduction in
9
bulk modulus Kph attributable to phonons in all materials has yet to be developed,
17–23 the
model of Ida18,19 has been shown to provide a good description of the heat capacity of δ-Pu
at temperatures above room temperature24 – most notably an observed upturn in the heat
capacity above ∼ 600 K. Since the electronic and phonon contributions to the free energy
are additive, this should, to a first approximation, be similarly true for derivatives, in which
case KT = Kel + Kph (see Appendix) for the isothermal bulk modulus. To compare with
the adiabatic bulk modulus KS obtained by ultrasound measurements, we use the fact that
KS = γKT , where γ ≈ 1 for δ-Pu (see Appendix).
In comparing the calculation with the experimental bulk modulus data, only the phonon
scaling coefficient b is adjusted. The remainder of the parameters are taken from published
results (tabulated in Table I). Figure 1a shows that on combining the electronic and lattice
vibration contributions, a phonon coefficient b = 18 (see Table I and Appendix) yields a KS
that closely follows the temperature-dependence of bulk modulus measured in δ-Pu1−xGax
(with x = 2.36%)14 over a broad range of temperatures. Establishing further confidence in
the model is the finding that the value of the phonon coefficient b = 18 that best fits the
phonon part of the bulk modulus is very similar to that b = 16 that best fits the anharmonic
phonon contribution to the high temperature heat capacity.24 For this value of b, Kph also
accounts for an ≈ 20% reduction in KS with temperature at Tm/2 ≈ 456 K (the remainder
coming from the reduction in Kel), therefore making the phonon contribution to the softening
comparable to that in other materials.17–23
Having established the approximate form of the (assumed) x-independent phonon contri-
bution Kph to the bulk modulus softening, we can proceed to subtract this contribution from
measurements of KS in other samples so as to isolate the electronic contribution Kel to the
bulk modulus softening, and to investigate its changes with temperature and composition x.
Figure 1b shows the T -dependence of the residual electronic contribution Kel for samples of
three different compositions,12 x = 2.36%, 3.30% and 4.64%, after having subtracted Kph as
well as an offset (see Appendix) to bring the measured curves into alignment at T = 280 K.
Despite the limited range in temperature of these measurements, significant differences in
the temperature dependences are clearly discernible. On comparing the model predictions
of Kel calculated for the same x compositions using Equation (4) with the experimental
curves in Fig. 1b, we find them to be in excellent agreement — both with regards to the
temperature-dependence and the x-dependence of the temperature-dependence of the exper-
10
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FIG. 4: Calculated pressure derivative of the bulk modulus K ′ of Ga-stabilized δ-Pu at 300 K (pink
line and points) according to Equation (6) versus atomic volume V at 300 K for different concen-
trations x of Ga as indicated. This is compared with experimental data for Ga and Am stabilized
δ-Pu for different concentrations x as indicated (brown circles). Also shown, for comparison, are
the value (light blue square) for α-Pu (2.3% Ga), the calculated Ga-stabilized values δ-Pu values
at 600 K (cyan line and points) and the value expected for a normal metal (black dashed line). All
of the experiments were performed on 239Pu with the exception of the sample with x = 3.5%, for
which 242Pu was measured.
imental data. Apart from a subtraction of the values of Kel at T = 280 K that are necessary
to eliminate offsets between the experimental curves, no adjustment has been made to Kel
calculated using Equation (4) — the parameters used are those determined elsewhere by
fitting other thermodynamic quantities11 (tabulated in Table I).
The other compositions, x = 0.2% and x = 0%15,16 in Fig. 1a, exhibit trends relative
to other compositions that are consistent with the model calculations of KS. However, the
lack of temperature-dependent data for these compositions means we cannot isolate the
electronic component for these compositions.
Turning once again to the effect of pressure, a fundamental question concerns whether
prior measurements of a negative thermal expansion serve as a reliable predictor of a
pressure-induced bulk modulus softening.10,35 Existing experimental studies have focused
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only on the effect of hydrostatic pressure on the bulk modulus at ambient temperature
(≈ 300 K),34–37 the results of which are compared with the model calculations at 300 K
(from Fig. 1b) in Fig. 4. Importantly, Equation (6) is found to yield a pressure-induced
change in δ-Pu whose negative sign agrees with the softening obtained experimentally; on
taking an average of the δ-Pu data points in Fig. 4 (including both Ga-stabilized and Am-
stabilized δ-Pu), we obtain K ′ = −3 ± 2. The calculated value is clearly different from the
positive (i.e. stiffening) K ′ = +9± 2 value measured in α-Pu (plotted for comparison),36 and
the stiffening K ′ = +4 expected for a normal metal. However, the degree of scatter in the
experimental data, the magnitude of the error bars and the lack of temperature-dependent
data prevent firm conclusions from being reached concerning the absolute magnitude, the
doping-dependence or the volume-dependence of K ′ (see Appendix).
Figures 3b and 4 show that a significant increase in the observable pressure-induced soft-
ening of Ga-stabilized δ-Pu could in principle be achieved by increasing the experimental
temperature, which would also enable a more robust verification of the role of excited elec-
tronic configurations to be made. Access to higher temperatures would also enable such
experiments to be carried out on pure δ-Pu.
III. DISCUSSION
By taking into consideration the compressible nature of the previously isolated multiple
electronic configurations in δ-Pu,9–11 we have discovered a previously unknown yet significant
electronic contribution to the bulk modulus. We find this contribution to be primarily
responsible for the excess softening of the bulk modulus in Pu, the dominant energy scale
of which is the same as that previously associated with the invar effect.9,10 The effect of the
electronically driven softening is discernible in Ga composition-dependent experiments close
to room temperature, but is shown to be strongly enhanced at temperatures substantially
above room temperature in δ-Pu1−xGax samples with low concentrations of Ga. The bulk
modulus is further shown to soften under pressure, as found experimentally,34–36 and is
further predicted to undergo a collapse at low concentrations of Ga and high temperatures.
Conversely, the electronic contribution to the softening is expected to be much smaller for
samples with large concentrations of Ga at high temperatures, providing an opportunity for
the phonon contribution Kph to be more accurately isolated in future studies.
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What constitutes a significant advance in the present approach to modeling the bulk
modulus is that the softening is based entirely on the same free energy that has been
shown to accurately describe other thermodynamic quantities as a function of tempera-
ture and Ga composition. These include the experimentally observed thermal expansion,9,10
magnetostriction11 and heat capacity.5,11,24 It also involves the same energy scale associated
with the invar effect and detected in neutron scattering experiments.30 Our results reveal
the central role played by statistical thermodynamics in the equation of state in plutonium
near ambient pressure.
IV. APPENDIX
A. Breakdown of conventional Gru¨neisen scaling
Whereas in ordinary solids the combination of the volume thermal expansivity αv, the
molar heat capacity Cv, the isothermal bulk modulus KT and the molar volume Vm equates
to a dimensionless Gru¨neisen coefficient38,39
Γ =
αvVmKT
Cv
, (7)
simple scaling breaks down in Pu owing to multiple sources of entropy.9–11 This is demon-
strated spectacularly by the bulk modulus continuing to fall unabated with increasing
temperature12,14–16 regardless of whether the thermal expansion coefficient is positive, as
is the case for most solids and phases of Pu,9,10 or whether it changes to negative, as oc-
curs for the δ phase of Pu (δ-Pu) at elevated temperatures and low concentrations of doped
gallium (Ga).9,10
B. Energy-versus-volume
The calculation of the electronic contribution to the bulk modulus from the second deriva-
tive of the free energy requires knowledge of the functional forms of Ei(ν), for which we turn
to a generalized model of cohesion in metals. The total internal energy for a given electronic
configuration is determined by a balance between Coulomb (∝ 1
a
) and kinetic (∝ 1
a2
) energy
terms, leading to an energy curve of the form40
Ei(a) = a0 − a1
a
+
a2
a2
, (8)
13
where a is the lattice spacing and a0, a1 and a2 are constants. Here, each Ei(a) curve
corresponds to different number of 5f -electrons, nf = 0, 1, 2 . . . , confined to the atomic
core.25,27 We can then proceed to obtain the functional form for each Ei(ν) curve in face-
centered cubic δ-Pu (see Appendix) by the substitution of a = 3
√
4V and V = V0 [1 + ν] into
Equation (8), from which we obtain
Ei(ν) = Ei,0 +
9Ki,0
2N
[
1− 2[1 + ν − νi]− 13 + [1 + ν − νi]− 23
]
. (9)
The parabolic approximation in Equation (2) is obtained by making a Taylor series expansion
of Equation (9) about ν−νi. The energy minimum for each curve is given by Ei,0 = a0− 14
[a21
a2
]
while the bulk modulus at the minimum is given by Ki,0 =
N
18
[a21
a2
]
. Differentiation of
Equation (9) yields
∂Ei(ν)
∂ν
=
3Ki,0
N
[
[1 + ν − νi]− 43 − [1 + ν − νi]− 53
]
, (10)
which can be considered as a (negative) partial pressure, while further differentiation yields
∂2Ei(ν)
∂ν2
=
Ki,0
N
[
5[1 + ν − νi]− 83 − 4[1 + ν − νi]− 73
]
. (11)
For ν = 0, we obtain the relation
Ki = Ki,0
[
5[1− νi]− 83 − 4[1− νi]− 73
]
. (12)
Theoretical values of Ki(ν = 0) are listed in Table II.
The calculation of K ′ = NKi ∂
3Ei
∂ν3
from the derivative of Equation (11) yields K ′ = 4
at ν = 0 for a normal metal. However, the absence of a discernible dependence of the
Debye temperature on x11 suggests that K ′ is actually closer to zero for the ground state
configuration of δ-Pu, thereby further justifying the use of a parabolic approximation for
small ν in the present study. A more accurate experimental determination of K ′ for the
ground state configuration would require low temperature bulk modulus measurements to
be performed under pressure.
14
n5f Ki (GPa), Ref.
25 Ki (GPa), Ref.
27
0 - 26.0
1 - 28.0
2 21.8 31.0
3 34.5 24.4
4 36.4 20.6
5 28.5 33.9
6 - 25.6
TABLE II: Theoretical bulk moduli parameters. The theoretical contributions Ki to the
bulk modulus at ν = 0 for each of the electronic configurations calculated by Eriksson et al.25 and
Svane et al..27 Here, n5f refers to the number of 5f -electrons artificially confined to the atomic core
for each configuration.25,27 Surprisingly, Ki is not found to depend significantly on the calculation
method or on n5f . Their average is K¯i(ν = 0) ≈ 28.2 GPa while their standard deviation is
σKi = 5.0 GPa (i.e. ≈ 16
th
of K¯i).
C. Thermodynamics of multiple configurations
For the thermal expansion, one differentiates the free energy once with respect to ν to
obtain
∂Fel
∂ν
∣∣∣∣
T
= −P =
∑
i
pi(ν)Ki [ν − νi], (13)
where we have again made use of the parabolic approximation given by Equations (2) and
(3). Since the total pressure P ≈ 0 during experiments under ambient conditions, ν and νi
can be separated in Equation (13) to yield
ν =
∑
i pi(ν)Pi∑
i pi(ν)Ki
. (14)
Here, the numerator is equivalent to a summation over partial pressures, where the total
pressure is ambient pressure. Meanwhile, the denominator is equivalent to the first term of
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Equation (4), meaning that it is equivalent to the bulk modulus that one obtains on neglect-
ing excitations. If we constrain the bulk moduli to be similar for all relevant configurations
(i.e. Ki = K0), then the denominator becomes K0 and Equation (14) acquires the much
simpler form:
ν ≈
∑
i
pi(ν)νi. (15)
It is instructive to express Equation (4) in a similarly reduced form by setting Ki = K0 for
all configurations and defining kel =
Kel
K0
− 1, whereupon we obtain
kel ≈ K0
NkBT
[
−
∑
i
pi(ν)ν
2
i +
[∑
i
pi(ν)νi
]2]
, (16)
in which the negative term inside the parenthesis dominates. Gru¨neisen’s law, in its original
form given by Γ = αvVmKT
Cv
is violated because αv, which is the temperature derivative of
Equation (15), is proportional to the sum over νi contributions, whose individual values
are both positive or negative, thereby giving rise to sign changes.11 By contrast, the bulk
modulus softening depends on a summation over ν2i contributions, causing Equation (16)
always to have the same negative sign. The heat capacity, meanwhile, depends only on the
energies Ei, which are positive (or zero) and indirectly related to νi.
In the case of the pressure derivative, the last term on the right-hand-side of Equation (6)
is given by
δ = 3NkBT
[[∑
i
pi(ν)Pi(ν)
][∑
i
pi(ν)Ki
]
−[∑
i
pi(ν)Pi(ν)Ki
]]
, (17)
which vanishes when Ki are the same for all configurations.
D. Additive electronic and phonon bulk moduli
Since the isothermal bulk modulus is given by ∂
2F
∂ν2
∣∣
T
where the free energy F = Fel +
Fph is the summation of electronic and phonon contributions, this same summation should
generally carry over to the bulk modulus KT = Kel + Kph, with the electronic and phonon
contributions therefore acting in parallel. The precise form of the dependence of Fph leading
to Kph is still an area of active debate.
17–23
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According to Ida18
Kph(T ) = K0
[
T
T0
1
Q
− 1
]
, (18)
where T0 is the temperature scale associated with lattice vibrations (see Table I), (∆l/l)ph
is the thermal expansion of the lattice attributable to phonons11 (see Fig. 5) and Q is the
vibrational elongation determined by solving
Q =
T
T0
e2b
[
(∆l
l
)ph+Q
]
. (19)
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FIG. 5: The linear thermal expansion of δ-Pu attributable to phonons, determined from a com-
bined fit to thermal expansion and magnetostriction data, and its verification using heat capacity
measurements.11
E. Calculating the adiabatic bulk modulus
According to basic thermodynamics
γ =
α2vVmTKT
Cv
+ 1 (20)
where αv = 3αl and Cv values have recently been calculated by Harrison et al
11, from
which we obtain the temperature-dependent γ in Fig. 6. Since γ is close to unity, KS ≈
KT . Significantly, for compositions x ≈ 2%, the difference between KS and KT becomes
negligible.
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FIG. 6: Calculated ratio γ = KS/KT = Cp/CT , according to multiple electronic configurations,
11
with the concentrations of Ga substituted into δ-Pu indicated in different colors.
F. Prior models of the bulk modulus softening
In a prior model of the bulk modulus based on the invar model, the Debye temperature,
and consequently the bulk modulus, was assumed to be the probability-weighted sum of the
ground state bulk modulus and an excited invar configuration bulk modulus,9,10,24 which is
equivalent to the first term of Equation (4). In the absence of any other terms contributing to
the bulk modulus, Lawson et al. were able to approximately account for the experimentally
observed softening of the bulk modulus by setting Ki = 0 for the excited invar configuration.
Such a value is expected to occur only at a very large positive volume strain of ν = 61
64
+ νi,
which we obtain by equating Equation (11) to zero. A volume strain this large (ν ∼ 100%)
corresponds to an actual volume of order V ∼ 50 A˚3, which is significantly larger than the
value Vi ≈ 20 A˚3 for the excited configuration of δ-Pu obtained in fitting the invar model to
the thermal expansion.9,10
In another more recent model of the bulk modulus based on the disordered local mo-
ment model,16 the volume was assumed to remain approximately constant with the different
configurations corresponding to a continuum of states with different degrees of orbital com-
pensation of the local moment.41 In this model, the softening of the bulk modulus occurs
in response to a reduction in the moment with increasing temperature. However, since
the degree of softening in this model is predicted to be reduced for samples with a larger
negative contribution to the thermal expansion, which generally occurs for samples with
lower concentrations x of Ga,9 the predicted Ga-dependent trend is opposite to that found
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experimentally (plotted in Fig. 1b).12
G. Offsets in the measured bulk modulus
Significant vertical displacements between bulk moduli values for different samples of
the same composition together with the absence of a trend in x near room temperature in
Fig. 1a, indicate that extrinsic factors unrelated to Kel and Kph contribute random vertical
offsets to the experimental data that are of order 1 or 2 GPa. Similar observations have
been made in measuring control samples made of aluminum. In Fig. 1b, the extrinsic and
phonon contributions are removed from the analysis of the x = 2.36%, 3.30% and 4.64%
datasets by subtracting the values of the bulk moduli at T = 280 K.
H. Questions regarding pressure-dependent data
There are uncertainties in how some of the experimental compositions in Fig. 4 can be
compared with the model. For instance, the x = 3.5% Ga-stabilized sample, for which
K ′ ∼ +4 is positive in contrast to the other δ-Pu samples,37 has a substantially lower
volume (V ≈ 24.2 A˚3) than that (V ≈ 24.6 A˚3) previously found for samples of nominally
the same composition (interpolating between x = 2 and 4%).9 Also, the lowest error bar
(K ′ = −4 ± 2) is obtained for a heavily Am-stabilized δ-Pu sample (likely due to the the
wider range of accessible pressures), yet its thermal expansion and elastic properties remain
largely unexplored.3
V. ACKNOWLEDGEMENTS
The work was performed under the Los Alamos National Laboratory LDRD program:
project “20180025DR.” Measurements were performed at the National High Magnetic Field
Laboratory, which is supported by the National Science Foundation, Florida State and the
Department of Energy. N. H. thanks Albert Migliori, Boris Maiorov, Angus Lawson and
19
Paul Tobash for insightful discussions.
1 Moore, K. T., van de Laan, G. Nature of the 5f states in actinide metals. Rev. Mod. Phys. 81,
235-298 (2009).
2 Hecker, S. S., Plutonium – an element at odds with itself. Los Alamos Science 26, 16-23 (2000);
https://lib-www.lanl.gov/26-30.shtml
3 Hecker, S. S., Harbur, D. R., Zocco, T. G. Phase stability and phase transformations in Pu-Ga
alloys. Prog. Mater. Science 49, 429-485 (2004).
4 Smith, J. L., Kmetko, E. A., Magnetism or bonding: a nearly periodic table of the transition
elements. J. Less Common Metals 90, 83-88 (1983).
5 Lashley, J. C. et al.. Experimental electronic heat capacities of α- and δ-plutonium: heavy
fermion physics in an element. Phys. Rev. Lett. 91, 205901 (2003).
6 Shim, J. H., Haule, K., Kotliar, G., Fluctuating valence in a correlated solid and the anomalous
properties of δ-plutonium. Nature 446, 513-516 (2007).
7 Zhu, J.-X. et al.. Spectral properties of δ-plutonium: Sensitivity to 5f occupancy, Phys. Rev.
B 76, 245118 (2007).
8 N. Lanata`, Y. Yao, C.-Z. Wang, K.-M. Ho, G. Kotliar, Phase diagram and elec-
tronic structure of praseodymium and plutonium. Phys. Rev. X 5, 011008 (2015);
link.aps.org/doi/10.1103/PhysRevX.5.011008
9 A. C. Lawson , J. A. Roberts , B. Martinez, J. W. Richardson, Invar effect in Pu-Ga alloys.
Phil. Mag. B 82 1837 (2002).
10 Lawson, A. C. et al.. Invar model for δ-phase Pu: thermal expansion, elastic and magnetic
properties. Phil. Mag. 86, 2713-2733 (2006).
11 N. Harrison, J.B. Betts, M.R. Wartenbe, F.F. Balakirev, S. Richmond , M. Jaime, P.H. Tobash,
Phase stabilization by electronic entropy in plutonium. Nature Commun. 10 3159 (2019).
12 P. So¨derlind, A. Landa, J. E. Klepeis, Y. Suzuki, A. Migliori, Elastic properties of Pu metal
and Pu-Ga alloys. Phys. Rev. B 82, 224110 (2010).
13 M.-H. Nadal, L. Bourgeois, Elastic moduli of Pu and Ga stabilized δ-Pu: Experimental data
and phenomenological behavior at high temperatures. J. Appl. Phys. 108, 033512 (2010).
14 Y. Suzuki, V. R. Fanelli, J. B. Betts, F. J. Freibert, C. H. Mielke, J. N. Mitchell, M. Ramos, T.
20
A. Saleh, A. Migliori, Temperature dependence of elastic moduli of polycrystalline β plutonium.
Phys. Rev. B 84, 064105 (2011).
15 F. J. Freibert, J. N. Mitchell, T. A. Saleh, A. Migliori, Instability and anharmonicity
in plutonium thermo-physical properties. XIIth Fundamentals of Plutonium Workshop,
(Cambridge, United Kingdom, 2012); https://permalink.lanl.gov/object/tr?what=info:lanl-
repo/lareport/LA-UR-12-22830; https://permalink.lanl.gov/object/tr?what=info:lanl-
repo/lareport/LA-UR-12-21466.
16 Migliori, A., Soderlind, P., Landa, A., Freibert, F. J., Maiorov, B., Ramshaw, B. J., Betts, J.
B., Origin of the multiple configurations that drive the response of δ-plutonium’s elastic moduli
to temperature. Proc. Nat. Acad. Sci. USA 113, 11158-11161 (2016).
17 Born, M., Thermodynamics of crystals and melting. J. Chem. Phys. 7, 591-603 (1939).
18 Ida, Y., Theory of melting based on lattice instability. Phys. Rev. 187, 951-958 (1969).
19 Ida, Y., Anharmonic effect on heat capacity of solids up to the critical temperature of lattice
instability. Phys. Rev. B 1, 2488-2496 (1970).
20 Varshni, Y. P., Temperature dependence of the elastic constants. Phys. Rev. B 2, 3952-3958
(1970).
21 Rose, J. H., Smith, J. R., Guinea, F., Ferrante, J., Universal features of the equations of state
of metals. 29, 2963-2969 (1984).
22 Anderson, O. L., Isaak, D. G., Yamamoto, S., Anharmonicity and the equation of state for gold.
J. Applied Phys. 65, 1534-1543 (1989).
23 Digilov, R. M., Abramovich, H., Temperature variation of the isothermal bulk modulus in solids:
Thermo-elastic instability and melting. J. Applied Phys. 125, 065104 (2019).
24 Lawson, A. C., Thermodynamics of the bulk modulus of delta phase plutonium alloys. Phil.
Mag. 99, 1481-1498 (2019).
25 Eriksson, O., Becker, J. N., Balatsky, A. V., Wills, J. M., Novel electronic configuration in δ-Pu.
J. Alloy. & Comp. 287, 1 (1999).
26 Wills, J. W. et al.. A novel electronic configuration of the 5f states in δ-plutonium as revealed
by the photo-electron spectra. Journal of Electron Spectroscopy and Related Phenomena 135,
163 (2004).
27 Svane, A., Petit, L., Szotek, Z., Temmerman, W. M., Self-interaction-corrected local spin density
theory of 5f -electron localization in actinides. Phys. Rev. B 76, 115116 (2007).
21
28 Windorff, C. J., Chen, G. P., Cross, J. N., Evans, W. J., Furche, F., Gaunt, A. J., Janicke, M.
T., Kozimor, S. A., Scott, B. L., Identification of the formal +2 oxidation state of plutonium:
Synthesis and characterization of {PuII[C5H3(SiMe3)2]3}−. J. Am. Chem. Soc.. 139, 3970-3973
(2017).
29 Booth, C. H., Jiang, Y., Wang, D. L., Mitchell, J. N., Tobash, P. H., Bauer, E. D., Wall,
M. A., Allen, P. G., Sokaras, D., Nordlund, D., Weng, T. C., Torrez, M. A., Sarrao, J. L.
Multiconfigurational nature of 5f orbitals in uranium and plutonium intermetallics. Proc. Natl.
Acad. Sci. U.S.A. 109, 10205 (2012).
30 Janoschek, M. et al.. The valence-fluctuating ground state of plutonium. Sci. Adv. 1, e1500188
(2015); DOI: 10.1126/sciadv.1500188
31 Savrasov, S. Y., Kotliar, G., Abrahams, E., Correlated electrons in δ-plutonium within a dy-
namical mean-field picture. Nature 410, 793-795 (2001).
32 Lawrence, J. M., Riseborough, P. S., Parks, R. D., Valence fluctuation phenomena. Rep. Prog.
Phys. 44, 1-84, (1981).
33 Wohlleben, D., Physics and chemistry of electrons and ions in condensed matter ed. Acrivos, J.
V., Mott, N. F., Yoffe, A. D. (Reidel, Dordrecht 1984) pp. 85-107.
34 Faure, P., Klosek, C, Genestier, N., Baclet, S., Heathman, P., Normile, R., Haire, Structural
investigation of δ-stabilized plutonium alloys under pressure. Materials Research Society Pro-
ceedings (eds. Sarrao, A.J. Schwartz, P. Burns, R.G. Haire, H. Nitsche, M. Antonio), vol. 893
, Materials Research Society, (Pittsburgh, PA, 2005). pp. 223.
35 Klosek, V., Griveau, J. C., Faure1 P., Genestier, C., Baclet, N., Wastin, F. High pressure study
of Pu0.92Am0.08 binary alloy. J. Phys.: Condes. Matter 20, 275217 (2008).
36 Faure, P., Genestier, C., X-ray diffraction study δ-stabilized plutonium alloys under pressure.
J., Nucl. Mater. 397, 74 (2010).
37 Zhang, J., Freibert, F. J., Clausen, B., Smith, A. I., Vogel, S. C., Brown, D. W., Equation of
state and strain-induced stabilization δ-phase stabilized plutonium alloys. J., Nucl. Mater. 524,
54 (2019).
38 Mitra, G. B., Mitra, S. K., Gru¨neisen’s rule and the thermal expansion of metals. Nature 179,
1295 (1957).
39 Mitra, G. B., Giri, A. K., Gru¨neisen’s law and extrapolated values of lattice constants of single-
phase copper-aluminium alloys at absolute zero. J. Phys. D: Appl. Phys. 19, 1065 (1986).
22
40 Ashcroft, N. W., Mermin, N. D., Solid state physics (Saunders College Publishing, Orlando
1976).
41 So¨derlind, P., Quantifying the importance of orbital over spin correlations in δ-Pu within
density-functional theory. Phys. Rev. B 77, 085101 (2008).
23
